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Tavis-Cummings model beyond the rotating wave approximation: Inhomogeneous
coupling
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1Institute of Theoretical Physics, Shanxi University, Taiyuan 030006, P. R. China
We present the analytical solution of the Tavis-Cummings (TC) model for more than one qubit
inhomogeneously coupled to a single mode radiation field beyond the rotating-wave approximation
(RWA). The significant advantage of the displaced oscillator basis enables us to apply the same
truncation techniques adopted in the single qubit Jaynes-Cummings (JC) model to the multiple
qubits system. The derived analytical spectrum match perfectly the exact diagonalization numerical
solutions of the inhomogeneous TC model in the parameter regime where the qubits transition
frequencies are far off-resonance with the field frequency and the interaction strengths reach the
ultra-strong coupling regime. The two-qubit TC model is quasi-exactly solvable because part of
the spectra can be determined exactly in the homogeneous coupling case with two identical qubits
or with symmetric(asymmetric) detuning. By means of the fidelity of quantum states we identify
several nontrivial level crossing points in the same parity subspace, which implies that homogeneous
coupled two-qubit TC model with ω1 = ω2 or ω1 ± ω2 = 2ωc is integrable. We further explore the
time evolution of the qubit’s population inversion and the entanglement behavior taking two qubits
as an example. The analytical methods provide unexpectedly accurate results in describing the
dynamics of the qubit in the present experimentally accessible coupling regime, showing that the
collapse-revival phenomena emerge, survive, and are finally destroyed when the coupling strength
increases beyond the ultra-strong coupling regime. The inhomogeneous coupling system exhibits new
dynamics, which are different from homogeneous coupling case. The suggested procedure applies
readily to the multiple qubits system such as the GHZ state entanglement evolution and quantum
entanglement between a single photon and superconducting qubits of particular experiment interest.
PACS numbers: 42.50.Pq, 42.50.Md, 03.65.Ud
I. INTRODUCTION
The Jaynes-Cummings (JC) model with the rotating
wave approximation (RWA), first introduced in 1963 [1],
is the simplest model that describes the interaction be-
tween a two-level atom and a single mode quantized ra-
diation field. The RWA is applicable when the applied
electromagnetic field frequency ωc is near resonance with
the atom transition frequency ωj and the interaction be-
tween the atom and the radiation field is weak. The
reason is that the contribution of the counter-rotating
terms of the system is very small. Typical new era of
experiments witness the breakdown of the JC model in
terms of both coupling and detuning, including circuit
QED experiments with superconducting qubits coupled
to LC and waveguide resonators [2–5] and Cooper-pair
boxes or Josephson phase qubits coupled to nanomechan-
ical resonators [6–10]. Each of these artificial atoms has
an internal degree of freedom (d.o.f.) that can be either
up or down, creating a spin-1/2 system. These systems
generally allow coupling strengths up to gj/ωc ≃ 0.1 in
the so-called ultrastrong coupling regime, or the qubit
transition frequency far-detuned from the field frequency
[11–24]. An adiabatic approximation approach [15] was
proposed to treat the parameter regime outside the near-
resonance and weak-coupling assumption of RWA based
∗Electronic address: ybzhang@sxu.edu.cn
on the displaced oscillator basis. In this basis the Hamil-
tonian are truncated to a block-diagonal form and the
blocks are solved individually. The time evolution of
the two-level-system occupation probability with thermal
and coherent state initial conditions for the oscillator ex-
hibits clear signals of collapse and revival.
The quantum Rabi model [25], or JC model without
the RWA, was recently declared solved exactly in [26, 27].
By means of the representation of bosonic operators in
the Bargmann space Braak argued that the regular spec-
trum of the Rabi model was given by the zeros of a tran-
scendental function, which is given as an infinite power
series. Chen et. al. mapped the model to a polyno-
mial equation with a single variable in terms of tun-
able extended bosonic coherent states [28]. They recover
Braak’s exact solution in an alternative more physical
way and point out that both methods have one thing
in common: the spectrum can not be obtained with-
out truncation in the power series [29]. Thus the Rabi
model is quasi-exactly solvable in the sense that only a
finite part of the spectrum can be obtained in closed
form and the remaining part of the spectrum can only
be determined by numerical means [30–33]. The num-
ber of ca. 1350 calculable energy levels in each parity
subspace are obtained in double precision by an elemen-
tary stepping algorithm up to two orders of magnitude
higher than Braak’s solution [31]. Quantum integrabil-
ity is, according to Braak’s criterion, equivalent to the
existence of quantum numbers that classify eigenstates
uniquely. The Rabi model is integrable because it has
2two d.o.f. and the eigenstates can be uniquely labelled
by two quantum numbers associated with the energy and
the parity, respectively. Moreover, examples of noninte-
grable but (quasi)exactly solvable system are given with
broken parity symmetry or vanished level splitting of an
additional qubit [26, 33]. These theoretical progress has
renewed the interest in the Rabi and related models. An-
alytical solutions of this model have brought clarity and
intuition to several important problems and experimental
results in contemporary quantum information. Further-
more, it is expected that the experiments could reach the
deep strong coupling regime [34, 35] where the ratio of
the coupling strength to the relevant frequencies exceeds
unity. Perturbative methods and the concept of Rabi os-
cillations should be superseded by novel physics such as
parity chains and photon number wave packets.
To describe the collective behavior of multiple atomic
dipoles interacting with an electromagnetic field mode,
the Dicke model [36] was introduced where the Pauli op-
erators are summed and transformed into a bosonic op-
erator. Though very successful in treating the system of
an alkaline atomic ensemble [37] in an optical microcavity
with the number of atoms over 105, it does not apply well
to the case of multiqubit superconducting circuits with
N ≤ 10. Theoretical studies for a finite number N of
qubits in the system often employ the Tavis-Cummings
(TC) model [38] under RWA, where all the spins are
grouped into a total large spin. The TC model has re-
ceived much attention and has been involved in both
experiments and theories [39–49]. Being exactly solv-
able only when the coupling is homogeneous and when
the eigenfrequencies between the qubits and the photon
mode are equal, it was recently [41] extended beyond the
RWA for quasi-degenerate qubits in the parameter regime
in which the frequencies of the qubits are much smaller
than the oscillator frequency and the coupling strength
is allowed to be ultrastrong. The case of inhomogeneous
coupling is drastically different - there is no such straight-
forward way to access the Hilbert space. The extension
to the inhomogeneous coupling system is limited to RWA
[43, 48] or numerical exact approach on the entanglement
evolution of two independent JC atoms [40]. It is worth-
while to notice that more efforts are paid to the system
composed of two nonidentical qubits [39], or the N = 3
Dicke model which couples three qubits to a single radia-
tion mode and constitutes the simplest quantum-optical
system allowing for Greenberger-Horne-Zeilinger (GHZ)
states [49].
We in this paper solve the TC model beyond the RWA
with N qubits coupled to a single oscillator mode by
comprehensively considering the recently developed ap-
proaches in solving the JC model with extension to the
case of inhomogeneous coupling. A systematic truncated
method is developed in finding the exact wave functions
of the model with N discrete and one continuous d.o.f.
In the basis of the displaced operators we construct the
Hamiltonian by primitive building blocks and allow tran-
sitions between adjacent blocks in addition. We take
mainly arbitrary two qubits interacting with a bose field
as an example. The analytical eigensolutions are derived
in the zeroth-order and first-order approximation to the
exact wave function in deep strong coupling parameter
regimes. The procedure is easily extended to systems
with more than two qubits. We further examine the solv-
ability and integrability of the system and level crossing
points in the energy spectrum of the same parity space
are related to a hidden symmetry in the system. Then,
starting from any initial state of the system we are able
to derive the time evolution properties of the qubits by
using a linear combination of the analytical eigensolu-
tions and tracing over the oscillator field. In other words,
some general techniques are applied to investigate the
time evolution of the rather complicated multiqubit-field
system. Subsequently, we can apply the approximated
eigensolutions to study the dynamical evolution of the
entanglement between the two qubits as a fundamental
consequence of quantum mechanics and as a resource for
communication and information processing [50–54].
The paper is organized as follows. In Sec. II the ana-
lytical eigen solutions of the TC model beyond the RWA
is given after introducing the general procedure of con-
structing the determinant of the secular equation. Sec.
III is devoted to the dynamical behaviors of the qubits,
in which the analytical eigensolutions are employed to
approximately describe the time evolution of the proba-
bility of finding both qubits in their initial state and the
population inversion when the quantum field is prepared
initially in the displaced coherent state. In Sec. IV we
further study the entanglement dynamics for two qubits
starting from the Bell state and the field in a coherent
state. Finally, we make some discussions on the char-
acteristics of case of unequal coupling strengthes for the
two qubits from the present study in Sec. V.
II. EIGEN SOLUTIONS OF THE TC MODEL
BEYOND THE RWA
The system we consider here consists of N qubits in-
homogeneously interacting with a single-mode bose field.
It is described by the TC Hamiltonian beyond the RWA
(we set ~ = 1) [38]
H = ωca
†a+
N∑
j=1
(
−ωj
2
σˆxj + gj
(
a† + a
)
σˆzj
)
, (1)
where a† (a) is the bosonic creation (annihilation) op-
erator of the single bosonic mode with frequency ωc, ωj
denotes the energy splitting of j-th qubit described by
Pauli matrices σˆkj (k = x, y, z), and gj is the dipole-field
coupling strength between the qubit j and the field. Here
we have rotated the system around the y−axis by an an-
gle π/4 realized through a unitary transformation [40]
V = exp
(
ipi
4
∑
j σˆ
y
j
)
. Basically the calculation here ap-
plies to arbitrary non-identical two-level atoms and non-
uniform coupling strengths gj in any form. We also note
3that the Hamiltonian (1) conserves the global parity op-
erator defined as Π =
N∏
j=1
σˆxj exp(iπa
†a), i.e. [H,Π] = 0.
In the following we use the parity operator to decompose
the Hilbert space into even and odd subspaces.
For the convenience of description, we take N = 2
as an illustrative example. Denote the upper and lower
eigenstates of σˆzj as |1〉j and |0〉j respectively. Formally
we treat qubit 2 as a new member to the Rabi model
[25, 26] and unfold the dimension of the space from 2 to
4. In the basis of product space of the two qubits, i.e.
|11〉 = |1〉2 ⊗ |1〉1 , |10〉 = |1〉2 ⊗ |0〉1 , |01〉 = |0〉2 ⊗ |1〉1,
and |00〉 = |0〉2⊗|0〉1, we may write the Hamiltonian into
a matrix form
H =


ωc
(
a†a+ β1
(
a† + a
)) −ω12 −ω22 0
−ω12 ωc
(
a†a+ β2
(
a† + a
))
0 −ω22
−ω22 0 ωc
(
a†a+ β3
(
a† + a
)) −ω12
0 −ω22 −ω12 ωc
(
a†a+ β4
(
a† + a
))

 (2)
We notice that the original 2 × 2 Hamiltonian [22] as a
primitive block is shifted along the diagonal line with
g1 and g2 being recombined into 4 coupling parame-
ters βi with relations β1 = −β4 = (g2 + g1) /ωc and
β2 = −β3 = (g2 − g1) /ωc, while the transition frequency
ω2 always appears in the off-diagonal blocks of the ma-
trix. Similar procedure can be applied when we add one
more qubit to the system. The basis of N qubits is 2N
dimension and we have 2(N−1) independent dimension-
less coupling parameters βi. A special case is the system
of two identical qubits (ω1 = ω2) coupling with a com-
mon oscillator mode, which has been extended beyond
the RWA in Ref. [41]. By assuming that the coupling
parameters are larger than the transition frequencies,
i.e. in the deep-strong-coupling regime, g1, g2 ≫ ω1, ω2,
the eigenvalues have been calculated up to the second-
order perturbation correction [39]. The main results for
these limiting cases may be readily reproduced from the
method in this paper.
Let us first introduce the displacement operators
[15, 56] Dˆ (βi) = exp
[
βi
(
a† − a)], which will trans-
late the field operators a† and a by a distance βi and
give rise to A†i = Dˆ
† (βi) a
†Dˆ (βi) = a
† + βi and Ai =
Dˆ† (βi) aDˆ (βi) = a + βi, and will transform the num-
ber state |n〉 defined as a†a |n〉 = n |n〉 into the so-called
displaced Fock number state defined as A†iAi |n〉Ai =
n |n〉Ai , i.e. Dˆ† (βi) |n〉 = |n〉Ai . The states |n〉Ai are
orthogonal for the same index i and non-orthogonal for
different subspaces i and j. The lack of orthogonality
between states with different displacements leads to the
unusual results in the dynamics of population inversion
and entanglement which will be shown later in this work.
The diagonal elements of the Hamiltonian are in
this way reconstructed as ωc
(
A†iAi − β2i
)
with the off-
diagonal ωj unchanged. The Hilbert space of the di-
agonal Hamiltonian is now of the form of a combina-
tion of qubit basis and displaced oscillator basis, e.g.
|111...〉 |n〉A1 , which can be taken as a starting point to
expand the eigenfunction of the total Hamiltonian H .
For two-qubit system we suppose that
|ψ〉 =
∞∑
n=0
(
d1n |11〉 |n〉A1 + d2n |10〉 |n〉A2
+d3n |01〉 |n〉A3 + d4n |00〉 |n〉A4
)
(3)
which in addition should be the eigenfunction of the
parity operator Π, i.e. Π |ψ〉 = κ |ψ〉 with κ = +,−
for even and odd parity respectively. Actually we find
that the σ’s operators in Π transform the qubit basis
from |11〉 (|10〉) to |00〉 (|01〉) and vice versa, while the
field operators set up links between the displaced Fock
state |n〉A1 (|n〉A2) and its symmetric counterpart |n〉A4
(|n〉A3). Thus the coefficients are related to each other
through d4n = κ (−1)n d1n and d3n = κ (−1)n d2n. This
symmetry separates the state space into two different in-
variant subspaces can be labeled by the eigenvalues of
the operation Π with κ = +,−. In accordance with the
Schro¨dinger equation we find that the number of equa-
tions is reduced by half
ε1md1m +
∞∑
n=0
Ωκmnd2n = Ed1m, (4)
ε2md2m +
∞∑
n=0
Wκmnd1n = Ed2m, (5)
where εim =
(
m− β2i
)
ωc and the off-diagonal terms de-
scribe the transitions between states belonging to differ-
ent displaced Fock spaces
Ωκmn = −
ω1
2
[
A1 〈m|n〉A2
]− κ (−1)n ω2
2
[
A1 〈m|n〉A3
]
,
Wκmn = −
ω1
2
[
A2 〈m|n〉A1
]− κ (−1)n ω2
2
[
A2 〈m|n〉A4
]
.
Clearly the symmetry of the coefficients dim reduces the
number of equations by half. This effectively folds the
already expanded Hilbert space to a diagonal block, in
40 1 2
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FIG. 1: (Color Online) The ED numerical solution of the
energy levels as a function of coupling strength β1 in the even
(red solid lines) or odd (blue dashed lines) party subspaces
for ω1 = ω2 = 0.25ωc, g1 = 0.3ωc. In the shadowed area the
energy levels are symmetric about the vertical line β1 = 0.3,
i.e. g2 = 0.
which the anti-diagonal elements are occupied by the
newly added ωN together with the parity κ as in the ex-
pressions for Ω and W above. The nonzero off-diagonal
elements originates from the non-orthogonality of dis-
placed Fock states [22]
Ai 〈m|n〉Aj = e
−β2ij
2
min(m,n)∑
l
(−1)n−l√m!n!
l!(n− l)!(m− l)!β
m+n−2l
ij
(6)
with βij = βi−βj . This implies that the interchange of i
and j, that of m and n, or the inversion of βi to −βi will
introduce a factor (−1)m+n in eq. (6). Then in terms of
expressions about Ωκmn and W
κ
mn, we find the symmetry
relation
Ωκmn =W
κ
nm, (7)
which turns the Hamiltonian in the Hilbert space into a
real symmetric matrix which assures that all coefficients
dim are real. This allows us keep only Ω in the rest of
the paper.
The 2N−1 equations for N qubits take similar forms as
eqs. (4) and (5) with the diagonal terms εimdim and in
each equation off-diagonal terms indicate the transitions
between Fock states displaced in different directions and
distances. It is easy to show that the eigenvalue spec-
trum of the N qubits system is unaltered when any of
the coupling strengths changes its sign, e.g. g1 → −g1 or
g2 → −g2 so that it suffices to discuss the energy spec-
trum for positive values of gi. The equations (4) and (5)
are solved by means of exact diagonalization (ED) and
the energy spectrum are shown in Fig. 1 as functions
of β1 for g1 = 0.3ωc and ω1 = ω2 = 0.25ωc. As men-
tioned earlier, the power series (3) has to be truncated
in order to obtain the spectrum. Here we set the trunca-
tion number ntr = 48 such that the calculation is done
in a closed subspace |n〉Ai with (n = 0, 1, 2 · · · , ntr) and
the off-digonal elements Ωmn for m,n > ntr are less than
10−6. The lowest 6 levels are illustrated in Fig. 1 for even
and odd parities respectively and we find similar to the
single qubit case, strong coupling strength tends to lower
the eigen-energies of the system and level crossing occurs
for different parities, while levels with the same parity
prefers to avoid this. Furthermore, the energy spectrum
is symmetric about the vertical dashed line β1 = 0.3 in
the shadowed area (correspondingly g2/ωc takes the value
between −0.3 and 0.3).
In any case, the process of getting analytically the
eigenvalues and eigenvectors for the N -qubit system is
very difficult, if not impossible, so approximation tech-
niques have to be employed. Here we illustrate how to
identify the building blocks of the determinant by taking
the two-qubit system as an example, and the procedure
of solving the eigen-equations up to any order of approx-
imations to the exact result of the wave function. The
condition for the existence of non-trivial solutions of dim
is the secular equation described by the determinant
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
· · · ... ... ... ... · · ·
· · · ε1m−E Ωκmm 0 Ωκm(m+1) · · ·
· · · Ωκmm ε2m−E Ωκ(m+1)m 0 · · ·
· · · 0 Ωκ(m+1)m ε1(m+1)−E Ωκ(m+1)(m+1) · · ·
· · · Ωκm(m+1) 0 Ωκ(m+1)(m+1) ε2(m+1)−E · · ·
· · · ... ... ... ... · · ·
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (8)
We see that in the two-qubit case the primitive building block of the determinant is 2 × 2 and in the first-order
5approximation two blocks m and m + 1 are involved,
the transitions between which are determined by the off-
diagonal elements Ωm(m+1) and Ω(m+1)m. The primitive
building block for N qubits is 2N−1×2N−1, while higher-
order approximation involves more identical blocks with
m increased with step 1 and those off-diagonal Ω terms
induce transition between blocks with different m.
A. Zeroth-order approximation
The key property of the inhomogeneously coupled N -
qubit system is exhibited by the zeroth-order approxi-
mation of equation (8), which neglects all transitions be-
tween states with different m. This is often called the
adiabatic approximation. Similar approximated solution
to the JC model without the RWA is shown to be valid
when the transition frequency of the qubit ω0 is much
smaller than the frequency of the single-mode bose field
ωc and it is very efficient for coupling strengths g up to
or larger than the oscillator frequency [15]. For the N -
qubit system we first consider the zeroth-order approx-
imation and truncate the determinant Eq. (8) to the
lowest order. This leaves us a block with the same index
m, the diagonal terms of which read as εim − E with
i = 1, 2...2N−1 and the off-diagonal transition terms are
those coefficients Ai 〈m|m〉Aj . For two-qubit system the
zeroth-order approximation for the determinant takes the
following block form∣∣∣∣ ε1m − E ΩκmmΩκmm ε2m − E
∣∣∣∣ = 0. (9)
For convenience, we denote Ωκmm as Ω
κ
m. Consequently
the solutions for the eigenergies are
Eκ±m = mωc −
(
β21 + β
2
2
)
ωc/2± θκm (10)
with θκm =
√
(Ωκm)
2
+ ω2c (β
2
1 − β22)2 /4. Based on the
symmetry of the coefficients dim, the eigenstates of the
system that satisfy the orthogonality and completeness
conditions have the form
∣∣ψκ±m 〉 = 1√
2


dκ±1m
dκ±2m
(−1)mκdκ±2m
(−1)mκdκ±1m

 , (11)
where
dκ±1m = ξ
κ±
m
√
1
1 +
(
ξκ±m
)2 , dκ±2m = −
√
1
1 +
(
ξκ±m
)2 ,
with ξκ±m = Ω
κ
m/
((
β22 − β21
)
ωc/2∓ θκm
)
.
A special case is the system with two completely iden-
tical qubits homogeneously coupled to a bose field, which
means that β2 = 0 and ω1 = ω2. This simplifies the tran-
sition frequency as Ωκm ∼ (1 + κ(−1)m), i.e. the parity of
0 0.1 0.2−1
0
1
2
g /ω
E m
/ω
c
 
 
num even odd
FIG. 2: (Color Online) The zeroth-order approximation of
the energy levels with even and odd parities as a function of
coupling strength g2/ωc for ω1 = ω2 = 0.25ωc and g1 = 0.1ωc,
compared to the ED numerical ones.
the Hamiltonian (κ) and that of the displaced Fock space
(m) together decide whether Ωκm is zero or not. When
Ωκm = 0 we have the eigenenergies
Eκ+m = mωc, E
κ−
m =
(
m− β21
)
ωc, (12)
and the corresponding eigenfunctions |ψκ+m 〉 = |ψ1〉,
|ψκ−m 〉 = |ψ2〉 , with
|ψ1〉 = 1√
2


0
1
−1
0

 , |ψ2〉 = 1√
2


1
0
0
−1

 . (13)
For nonzero Ωκm we assume |Ωκm| /ωc ≫ β21 as in Ref.
[41], the eigenergies can be expressed as
Eκ+m = mωc +Ω
κ
m, E
κ−
m = mωc − Ωκm, (14)
with eigenfunctions |ψκ+m 〉 = |ψ3〉, |ψκ−m 〉 = |ψ4〉 , with
|ψ3〉 = 1
2


1
1
1
1

 , |ψ4〉 = 1
2


1
−1
−1
1

 . (15)
We note that in writing down these four eigenstates of
H the qubit basis are chosen as the uncoupled represen-
tation of spin operators σˆz1,2 in order to solve the qubits
system with different frequencies and coupling strength.
Three of states are alternatively [41] expanded in terms
of the triplet states of the total spin component Sx of the
two identical qubits in the case of homogeneous coupling.
The spin singlet state is exactly ψ1 in (13) which is it-
self the eigenstate of the Hamiltonian. By including the
6singlet state into the eigenvectors, we are enable to treat
the dynamics of any initial state of the system. States
such as |10〉 or |01〉, i.e. when the two qubits are re-
spectively put in the upper and lower eigenstates of their
σˆzs, are out of reach in the triplet manifold, which will
be seen this in the next section. In Fig. 2, we can see
that the analytical results in the zeroth-order approxima-
tion already agree with the exact solutions very well in
the ultra-strong coupling case g2 ∼ 0.2ωc (g1 = 0.1ωc),
where each four eigenenergies with the same index m
bundle into a group corresponding to the four qubit ba-
sis |00〉 , |01〉 , |10〉 , |11〉 in the absence of coupling. In
each group, the parity of each eigenstate is fixed with
the lowest level being always even parity. For even m,
two odd parity levels are held between two even parity
ones, or vice versa for odd m. This can be compared to
the single-qubit case where the energy levels are arranged
as (even, odd), (odd, even), (even, odd), etc. because the
qubit basis are instead |0〉 , |1〉 and adding one photon will
alter the parity.
B. First-Order Approximation
Next we consider the first-order approximation for the
determinant (8) and permit transitions between blocks
m and m + 1 [22]. In the case of two-qubit system we
consequently make a cut-off in Eq. (8) such that
∣∣∣∣∣∣∣∣
ε1m−E Ωκm 0 Ωκm(m+1)
Ωκm ε2m−E Ωκ(m+1)m 0
0 Ωκ(m+1)m ε1(m+1) − E Ωκm+1
Ωκm(m+1) 0 Ω
κ
m+1 ε2(m+1)−E
∣∣∣∣∣∣∣∣
=0.
(16)
The equation can be solved analytically because it leads
to a quartic equation in the form of E4 + bE3 + cE2 +
dE + e = 0. The coefficients in the quartic equation are
assigned for parity κ and index m and expressed as (for
simplicity we drop the superscript and subscript)
b = −ε1m − ε2m − ε1(m+1) − ε2(m+1),
c = (ε1m + ε2m)
(
ε1(m+1) + ε2(m+1)
)
+ ε1mε2m + ε1(m+1)ε2(m+1) − (Ωκm)2
− (Ωκm+1)2 − (Ωκm(m+1))2 − (Ωκ(m+1)m)2,
d =
(
ε1m+ε2(m+1)
)
(Ωκ(m+1)m)
2
+
(
ε1(m+1)+ε2m
)
(Ωκm(m+1))
2
+ ((Ωκm)
2 − ε1mε2m)(ε1(m+1) + ε2(m+1))
+ (ε1m + ε2m)((Ω
κ
m+1)
2 − ε1(m+1)ε2(m+1)),
and
e =
∣∣∣∣∣∣∣∣
ε1m Ω
κ
m 0 Ω
κ
m(m+1)
Ωκm ε2m Ω
κ
(m+1)m 0
0 Ωκ(m+1)m ε1(m+1) Ω
κ
m+1
Ωκm(m+1) 0 Ω
κ
m+1 ε2(m+1)
∣∣∣∣∣∣∣∣
.
For each given parity κ and block index m we get in
general four analytical solutions for the eigenenergies of
Hamiltonian H
Eκm = −
b
4
±γ Y ±s 1
2
√
−
(
4Y 2 + 2p±γ q
Y
)
, (17)
where the two occurrences of ±γ must denote the same
sign, while ±s can take its sign independently. The no-
tations relating to the coefficients of the quartic equa-
tion are defined as p = c− 3b2/8, q = (b3 − 4bc+ 8d) /8,
∆0 = c
2−3bd+12e, ∆1 = 2c3−9bcd+27b2e+27d2−72ce,
and
Y =
1
2
√
−2p
3
+
Q +∆0/Q
3
,
Q =
3
√
∆1 +
√
∆21 − 4∆30
2
.
The first-order approximation improves the analyti-
cal results applicable even in the deep coupling region
g > 1 as shown in Fig. 3, where we set g1 = 0.3ωc and
ω1 = ω2 = 0.25ωc. According to the assumption of the
wavefunction (3), the dimension of the Hilbert space de-
pends on the truncation of the displaced Fock number
state as 4 (ntr + 1). Correspondingly, for each m we only
have four genuine solutions. The zeroth-order approxi-
mation permits exactly four eigensolutions for each m as
shown above, while in the first-order approximation one
has eight eigensolutions for each combination (m,m+ 1)
including four even parity and four odd parity solutions.
Obviously the analytical results of first-order approx-
imation show energy level crossing between states with
the same parity or different parities. The level crossing
of states with different parities are accidental and we will
focus on those with the same parity. On the uncertainty
whether or not energy levels can cross by changing pa-
rameters we give an argument in terms of von Neumann
and Wigner non-crossing theorem: For a real symmetric
(hermitian) matrix, we need to tune two (three) param-
eters to get a level crossing [57]. In the case of two-
qubit system, the Hamiltonian in the Hilbert space is
a real symmetric matrix. To determine the crossing or
anti-crossing we calculate the fidelity between appropri-
ate states before and after the crossing which is a measure
of the ”closeness” of two quantum states and defined as
F = |〈φ|ϕ〉|2 for pure states [58–62]. We remark that (1)
for fixed m the energy levels can never cross by chang-
ing one parameter g2; (2) However, for different m the
energy level crossings may occur at some isolated points
because two parameters m and g2 are tuned. In the left
(A) inset of Fig. 3, we zoom out a particular anti-crossing
point of exact results of energy levels. Four analytical lev-
els (deep-colored lines) in the first-order approximation
match the exact results which avoid crossing, while the
rest (light-colored lines) four curves mismatch and cross
each other which should be discarded.
Taking the above aspects into consideration, for each
invariant parity subspace we must rule out half solutions
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FIG. 3: (Color Online) The first-order approximation solution
of the energy levels as a function of coupling strength g2/ωc
with ω1 = ω2 = 0.25ωc and g1=0.3ωc, compared to the ED
numerical ones. Insets show two typical level crossing points
where the analytical results match the numerical ones (left)
for β1 ∼ 1, or, on the other hand, where they mismatch (right)
for even stronger coupling β1 ∼ 2. The pseudo-solutions in
light-colored lines should be ruled out so that the analytical
first-order results agree with the numerical ones perfectly.
of the first-order approximation by keeping only solu-
tions (17) with ±γ opposite to ±s for each combination
(m,m+ 1) because each m has been used twice in our
calculation. An exception is the combination (0, 1), in
which case we only drop the solution with both signs
positive. In this way the pseudo solutions are removed
and the analytical eigenvalues for the two-qubit system
agree perfectly with the exact results in the deep coupling
limit g2 ∼ 1.5ωc (g1 = 0.3ωc) in Fig. 3. The genuine solu-
tions are two-fold degenerate in the deep strong coupling
regime g2 > 1. This degeneracy has been found in the
quantum Rabi model for two qubits [39], though for both
coupling parameters g1, g2 larger than the transition fre-
quencies of the qubits.
Moreover, in the right inset (B) of in Fig. 3, as
g2 increases across the next level anti-crossing point all
the solutions of the first-order approximation mismatch
the exact results which suggests that higher order ap-
proximation is needed. Our procedure applies readily
to the second-order approximation, in which case one
has 12 solutions for each combination of three blocks
(m,m + 1,m+ 2) and the degeneracy grows rapidly. In
this way the approximated solutions will match the ex-
act results in the right inset of Fig. 3. In particular,
we notice that the transitions would be suppressed if the
off-diagonal matrix elements are much smaller than the
energy difference between the states belonging to differ-
ent blocks. Specifically, all elements |Ωκnm|, |Ωκmn| with
n 6= m are set to zero in the zeroth-order approxima-
tion, while those with n 6= m,m± 1 are negligible in the
first-order approximation.
C. Solvability and Integrability
In quantum mechanics there exist potentials for which
it is possible to find a finite number of exact eigenvalues
and associated eigenfunctions in the closed form. These
systems are said to be quasi exactly solvable. The Rabi
model is a typical example distinguished by the fact that
part of its eigenvalues and corresponding eigenfunctions
can be determined algebraically for special values of the
energy splitting of the qubit ω and the coupling strength
g [30–32]. Known as Judd’s isolated solutions [55], these
exceptional spectrum with energy eigenvalues E = n −
g2/ω2c constitute the exact part of Rabi model and doubly
degenerate with respect to parity.
Here we show that the two-qubit TC model provides
another example of quasi-exactly solvable models, i.e part
exact spectrum of the model can be obtained in some
special parameter region. First of all, in the homogeneous
coupling case g1 = g2, there always exists a constant
solution E = ωc corresponding to either the even parity
eigenstates
|ψe〉 = (qe (|01〉 − |10〉) |1〉+ |11〉 |0〉) /
√
2q2e + 1,
for the symmetric detunings with ω1+ω2 = 2ωc (suppose
ω1 > ω2), or the odd parity eigenstates
|ψo〉 = (qo (|00〉 − |11〉) |1〉+ |01〉 |0〉) /
√
2q2o + 1,
for the asymmetric detunings with ω1 − ω2 = 2ωc with
qe,o = 2g/ (ω1 ∓ ω2). Secondly, for two completely iden-
tical qubits homogeneously coupled to the bose field, i.e.
g1 = g2 and ω1 = ω2, it is easy to prove the state
|ψ1〉 = (|10〉 − |01〉) |m〉/
√
2 in (13) for any m is exactly
the eigenstate of H with eigenvalue Em = mωc. The
state has even(odd) parity for odd(even) m. Very re-
cently, an alternative form of analytical solution is given
to the quantum Rabi models with two identical qubits
in a similar way, however, essentially different from the
Juddian solutions with doubly degenerate eigenvalues in
the one-qubit quantum Rabi model [63]. In short, for the
TC model with two qubits a finite part of the spectrum
can be obtained in closed form and the remaining part of
the spectrum is only numerically accessible. So we con-
clude that the TC model with two qubits is quasi exactly
solvable.
In Fig. 4, we show the energy spectrum of homoge-
neous coupling system as a function of total coupling
strength β1 for g1 = g2 and ω1 = ω2 = 0.25ωc. In the
decoupling limit β1 = 0, the qubits are set free from
the field, and we find the two odd(even) parity states,
i.e. |01〉|m〉 and |10〉|m〉, are degenerate for even(odd)m,
which now means the photon number of the free bosonic
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FIG. 4: (Color Online) The first-order approximation and
numerical solution for the homogeneous coupling system
(g1 = g2) as a function of total coupling strength β1 with
ω1 = ω2 = 0.25ωc. The two black points indicate the level
crossing in the same parity subspace.
field. The first-order approximation is valid for the entire
region 0 < β1 < 1.2 and it shows that the energy levels of
the same parity would never cross with each other until
β1 ∼ 1. The constant solutions Em = mωc are shown as
two horizontal lines m = 0 for odd parity and m = 1 for
even parity in Fig. 4. Level crossing occurs in the same
parity space when other solutions with different m sweep
across them, denoted by two black dots at β1 ≃ 0.9898
and 1.0004. The fidelity of both the lower or upper states
on the two sides of the crossing points is calculated to
be exactly zero, which proves the existence of the level
crossing. In Fig. 4 two parametersm and β1 are tuned to
get these level crossing points in the first-order approxi-
mation, which is consistent with the von Neumann and
Wigner non-crossing theorem.
Besides those shown in Fig. 4, nontrivial level cross-
ing points may appear in the fixed parity subspace for
non-identical qubits. In the homogeneous coupling case
(g1 = g2) a level crossing has been found in the even par-
ity subspace for two inequivalent qubits with symmetric
detunings ω1 + ω2 = 2ωc [39] denoted as a black point
in the upper panel of Fig. 4. We here show that this
is only half of the story. It is actually found that the
level crossing in the case of homogeneous coupling oc-
curs for ω1 ± ω2 = 2ωc. The reason is that the con-
stant solution E = ωc holds for either symmetric or
asymmetric detuning conditions. Other levels would in-
evitably run across it with increasing coupling strength.
In Fig. 5, we numerically confirm that the level cross-
ing appears at β1 ≃ 1.0251 for ω1 = 1.3ωc, ω2 = 0.7ωc
in even parity subspace [39], and at β2 ≃ 0.9442 for
ω1 = 2.7ωc, ω2 = 0.7ωc in odd parity subspace. Level
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FIG. 5: (Color Online) Typical level crossing points for ho-
mogeneous coupled non-identical qubits with symmetric de-
tuning ω1 + ω2 = 2ωc in the even parity space(upper panel),
and asymmetric detuning ω1 − ω2 = 2ωc in the odd parity
space (lower panel). The exact solutions E = ωc are shown
as red-dashed and blue-dotted horizontal lines. The frequen-
cies of the qubits and the oscillator are labeled on the right
side of the figure.
crossings in quantum theory are often related to symme-
try. In the case of inhomogeneous coupling of noniden-
tical qubits with the oscillator mode no level crossing in
the same parity sapce is found, while g1 = g2 enlarges
the symmetry so that the level crossing appears on the
line E = ωc, and ω1 = ω2 enlarges the symmetry even
further and more crossing points appear on E = mωc.
This is similar to what happened in the JC model - the
enlarged symmetry by RWA leads to two level crossing
points in the even parity space (Fig. 3 in [26])which are
not found in the Rabi model.
The appearance of level crossing and associated sym-
metry are essentially related to the integrability of our
model, which we shall address in the following. Accord-
ing to the criterion on quantum integrable proposed by
Braak [26], integrability is equivalent to the existence of
f numbers to classify the eigenstates uniquely with f the
sum of discrete and continuous d.o.f. The Rabi model
has two d.o.f. and at the same time can be uniquely
labelled by two quantum numbers associated with the
energy level and the parity, respectively. So the Rabi
model is considered to be integrable [26, 33]. We argue
that the homogeneous coupled two-qubit TC model with
ω1 = ω2 or ω1 ± ω2 = 2ωc is integrable, based on the
following three reasons:
(1) In general a system is not integrable in the whole
parameter region, but it may be integrable under some
special conditions. A generalization of Rabi model with
an additional term ǫσx (Eq. (7) of Ref. [26]) breaking the
9parity symmetry is constructed to be the first example
of nonintegrable but exactly solvable system. Clearly we
recover the integrable Rabi model for ǫ = 0. Another
example is spinor Bose-Einstein condensate of alkali gases
[64]. Generally considered to be nonintegrable, the 1D
homogeneous spinor bosons can be exactly solved with
Bethe ansatz (BA) method [65] along two integrable lines
c2 = 0 and c0 = c2. In spite of the nonintegrability of
our model in the whole parameter regime, there do exist
special situation for the parameters, i.e. ω1 = ω2 or
ω1 ± ω2 = 2ωc, in which case the homogeneous coupled
TC model becomes integrable.
(2) The system is nonintegrable if the total number of
d.o.f. exceeds the quantum numbers used to label the
eigenstates uniquely. In the case of Braak’s generalized
Rabi model the absence of any level crossing in the spec-
tral graph is sufficient to rule out its integrability. There
are two d.o.f and one quantum number, energy, is suffi-
cient to number the eigenstates uniquely. In the case of
two-qubit TC model, for the simplified case of ω2 = 0 no
level crossing is found in the spectra graph [33], while for
inhomogeneous coupling accidental level crossing occurs
only for different parities (Figure 1). In both cases the
model is nonintegrable because we have three d.o.f and
the two quantum numbers, energy and parity, are enough
to label the states uniquely.
(3) Level crossing in the same parity subspace is non-
trivial because we need another quantum number other
than parity to label the degenerate states, which leads the
system to be integrable. As a typical integrable system,
each eigenstate in the hydrogen atom is assigned three
quantum numbers n, l,m which characterize the quanti-
zation of radial, angular and orientation of the electronic
orbit. None of them can be omitted in picking up the
state of this three d.o.f system. This parallels the char-
acterization of each eigenstate of Rabi model through
two quantum numbers, the parity quantum number n0
and the n1th zero of the transcendental function G(x),
corresponding to two d.o.f. For JC model with enlarged
U(1) symmetry, level crossing occurs in the same parity
space. However, we are lucky that the operator C can be
used for a further decomposition of the subspaces with
fixed parity. The state spaces entails a second possibility
to label the states uniquely through C and a two-valued
index n0, with the parity being a redundant quantum
number. Similarly, the level crossing appeared in homo-
geneous coupled two-qubit TC model implies an enlarged
hidden symmetry for ω1 = ω2 or ω1 ± ω2 = 2ωc. What
we need to do is to find a C-like conserved quantity to
decompose the even and odd subspaces further. Con-
sequently we would have three quantum numbers (par-
ity, two-valued index n0 and C-like number) to uniquely
label the state with three d.o.f. Though not an exact
result, in the zeroth and first order approximation we
have shown a possible scheme of labeling the states with
parity, ± and m. In summary the homogeneous cou-
pled model is integrable for two identical qubits or with
(a)symmetric detuning, though further exploration of the
conserved quantity and hidden symmetry is needed.
III. POPULATION INVERSION DYNAMICS
To better learn the quantum behavior in the prototyp-
ical problem of cavity electrodynamics with more that
one qubit involved, we study the dynamical properties of
a two-qubit system strongly coupled to a high- frequency
quantum oscillator. The eigenvectors and eigenvalues of
the system derived in Sec. II can be taken as a complete
set, upon which the time evolution of wave function can
be expanded. We discuss here the probability of finding
the two qubits remaining in the initial state [15], which
is essentially the fidelity between the wave function at
subsequent time t and the initial state.
The simplest dynamical behavior is considered when
we put the qubits initially in any one of the four product
states and the initial state of the oscillator is prepared
in the displaced Fock basis corresponding to them. In
the zeroth-order approximation, these initial states are
inversely linear combinations of the eigenvectors of the
Hamiltonian (11) and expressed respectively as following
|11〉 |m〉A1 =
1√
2
∑
κ,γ=±
dκγ1m |ψκγm 〉
|10〉 |m〉A2 =
1√
2
∑
κ,γ=±
dκγ2m |ψκγm 〉
|01〉 |m〉A3 =
1√
2
∑
κ,γ=±
(−1)mκdκκγ2m |ψκγm 〉
|00〉 |m〉A4 =
1√
2
∑
κ,γ=±
(−1)mκdκκγ1m |ψκγm 〉 ,
which in the special case of two completely identical
qubits reduce to
|11〉 |m〉A1 =
1
2
(√
2 |ψ2〉+ |ψ3〉+ |ψ4〉
)
|10〉 |m〉A2 =
1
2
(√
2 |ψ1〉 − |ψ3〉 − |ψ4〉
)
|01〉 |m〉A3 = −
1
2
(√
2 |ψ1〉 − |ψ3〉 − |ψ4〉
)
|00〉 |m〉A4 = −
1
2
(√
2 |ψ2〉+ |ψ3〉+ |ψ4〉
)
.
As an example, we study the system dynamics with only
one qubit, say qubit 2, being excited to the upper level,
i.e. Ψ (0) = |10〉 |m〉A2 . The probability of finding the
two qubits in any possible product states is easily ob-
tained and we are interested in the fidelity to the initial
state
P10 (m, t) = |A2 〈m| 〈10|Ψ(t)〉|2 (18)
with
Ψ (t) =
1√
2
∑
κ,γ=±
dκγ2m |ψκγm 〉 e−iE
κγ
m t.
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It is easy to show that ξκ+m ξ
κ−
m = −1,
(
dκ+1m
)2
=
(
dκ−2m
)2
.
By means of these, we find the probability of the two
qubits staying in their initial states consists of four os-
cillating terms, the frequencies of which are all possible
combinations of θ±m, i.e.
P10 (m, t) =
1
2
{
1 +
∑
κ=±
(cκ1m)
2 (cos (2θκmt)− 1)
+ (1− c2m) cos
(
θ+m − θ−m
)
t+ c2m cos
(
θ+m + θ
−
m
)
t
}
(19)
with the two coefficients defined as
cκ1m =
ξκ+m
1 +
(
ξκ+m
)2 ,
c2m =
(ξ++m )
2
+ (ξ−+m )
2(
1 +
(
ξ++m
)2)(
1 +
(
ξ−+m
)2) .
For homogeneous coupling β2 = 0 and ω1 = ω2, eq. (19)
is reduced to
P10 (m, t) =
1
8
{
2 + cos
(
2Ω+mt
)
+ cos
(
2Ω−mt
)
+2
(
cos
(
Ω+m +Ω
−
m
)
t+ cos
(
Ω+m − Ω−m
)
t
)}
,
which consists essentially two oscillating terms because
Ω+m = 0 for even m and Ω
−
m = 0 for odd m.
Consider now the harmonic oscillator in the state
which most closely approaches the classical limit, that
is, we choose the oscillator begins in the displaced coher-
ent state. The initial state is thus given by
|Ψ(0)〉 =
∞∑
m=0
e−|z|
2/2zm√
m!
|10〉 |m〉A2 . (20)
The probability of two qubits remaining in their initial
state |10〉 is calculated by tracing over all Fock states of
the oscillator as follows
P10 (z, t) = 〈10|TrAρ(z, t)|10〉 =
∞∑
m=0
p (m)P10 (m, t) ,
(21)
where ρ(z, t) = |Ψ(t)〉〈Ψ(t)| is the density matrix of the
system and the normalized Poisson distribution is defined
as
p (m)=
e−|z|
2 |z|2m
m!
.
We find that the probabilities of two qubits populating in
the four product states oscillate with the same character-
istic frequencies. For the states |10〉 or |01〉 the oscillation
is around an equilibrium position (1−B)/2, while for the
states |11〉 or |00〉 the oscillation equilibrium is B/2 with
B =
∞∑
m=0
∑
κ=±
p (m) (cκ1m)
2. For the homogeneous cou-
pling case and ω1 = ω2, we recover the the analytical
result established previously [41] by keeping only three
terms l = m,m− 1,m− 2 in the summation of Ω±m (eq.
6) and replacing the Poisson distribution by a Gaussian
one for big enough |z|
P10 (z, t) =
3
8
+
1
2
S (t, ω1) +
1
8
S (t, 2ω1) , (22)
where
S (t, ω1) = Re
[
∞∑
k=0
S¯k (t, ω1)
]
and
S¯k (t, ω1) =
exp (ΦRe + iΦIm)(
1 + (πkf)
2
)1/4 (23)
with
ΦRe =
− (µ− µk)2 fβ21
2
(
1 + (πkf)
2
) ,
ΦIm =
tan−1 (πkf)
2
+ µ− |z|2 (µβ21 − 2πk) .
Here we have defined f = |z|2 β21 , µ = ω1te−β
2
1
/2, µk =
2πk (1 + f/2)/β21 . It is obviously that the revival in
S (t, ω1) occurs around each time µ = µk, the envelope
and the fast oscillatory of which are determined by the
exponential and cosine terms respectively.
We restrict our discussion to the regime of large de-
tuning ωc ≫ ωj and ultrastrong coupling strength gj ∼
0.1ωc. Fig. 6 shows the results of the time evolution of
the probability (21) by means of the zeroth-order approx-
imation analytical method compared with the numeri-
cally exact solution, where we have made a cutoff for m
to a maximum value 30 because p (m) ≈ 0 for z = 3 and
m ≥ 30. Our approximated results prove to be unexpect-
edly powerful, giving accurate dynamics perfectly in the
present experimentally accessible coupling regime. Here
we assume that one of two qubits reaches ultrastrong
coupling regime g1/ωc = 0.1, while the coupling strength
to the other qubit (g2/ωc) changes from small to large.
In Fig. 6(a) g2 is much smaller than g1 and there is no
collapse-revival phenomena in the evolution of the prob-
ability. As g2 increases, the collapses and revivals emerge
gradually and the first collapse becomes faster and faster
and the revival signal is more and more distinct in Fig.
6(b-c). In Fig. 6(d) the two coupling strengths are equal,
resulting in the most regular shape in the oscillation of
probability and the peaks become periodic in time. Fi-
nally in Fig. 6(e) when g2 is larger than g1, collapses
and revivals continue for a while and the oscillation be-
comes apparently irregular. Because (cκ1m)
2
< c2m, the
revivals with smaller amplitude are mainly determined
by the second term of Eq. (19) containing cκ1m, instead,
the revivals with larger amplitude depend on the third
and fourth terms containing c2m. The above analysis and
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FIG. 6: (Color Online)Probability P10(z, t) of finding two qubits in state |10〉 as a function of ω1t/2pi, by the zeroth-order
approximation analytical method and the numerical result for different coupling strengths. The zeroth-order approximation
presents a pretty good description of the time-dependent evolution of the probability. We consider two identical qubits with
ω1 = ω2 = 0.15ωc and g1 is fixed to 0.1ωc. The coupling strength to the qubit 2 is g2 = 0.01ωc(a), 0.03ωc(b), 0.05ωc(c), 0.1ωc(d)
and 0.12ωc(e), respectively. The oscillator is prepared initially in its coherent state with z = 3.
discussions suggest that the collapse-revival phenomena
are sensitive to the coupling strength in the evolution of
the probability, as well as it is periodic only for g1 = g2
and ω1 = ω2. We also find that the probability of two
qubits populating in the four product states exhibit sim-
ilar envelope of the revival signal.
It is sometimes more convenient to measure the pop-
ulation inversion in one of the qubit, that is, we ob-
serve the time evolution of the expectation value of
the Pauli matrix operator of qubit 1 defined as σz1 =
(|1〉 〈1| − |0〉 〈0|)1 and related to the probabilities through
〈σz1〉 = P11(z, t)+P01(z, t)−P10(z, t)−P00(z, t). In doing
this, we again fix the value of g1 = 0.1ωc and study how
the existence of qubit 2 will change the dynamics of the
qubit 1. With the initial state (20) the expectation value
of σz1 is calculated as
〈σz1〉 =
∞∑
m=0
p (m)
{
(Dm − 1) cos
(
θ+m − θ−m
)
t
−Dm cos
(
θ+m + θ
−
m
)
t
}
, (24)
with Dm = 2c
+
1mc
−
1m + c2m. In the case of β2 = 0 this
reduces to
〈σz1〉 = −S (t, ω1) . (25)
In Fig. 7 we show the time dependent inversion of qubit
1 for different coupling strength between qubit 2 and the
bose field. Due to the excellent agreement with the nu-
merically exact solution, we only show the analytical re-
sult in Fig. 7 and the parameters are the same as in Fig.
6. In the absence of qubit 2, the dynamics of a single
qubit already exhibits the collapse-revival phenomena in
the strong coupling regime g1 ∼ 0.1. The population
inversion given in (24) shows that the revival signal is
robust for weak coupling to the second qubit - we even
can not tell the difference for the single qubit dynamics
and that for a coupling strength g2 = 0.01 and the re-
vival signals for weak coupling cases are only found to
be delayed a little in Fig. 7(a-c). With the increasing of
g2 to the same amplitude as g1 the revival signal is de-
stroyed, indicating that the qubit 2 influences the qubit
1 by interacting with the optical field. This behavior can
be understood qualitatively as following. For eachm, be-
sides a common factor p (m) Eq. (24) consists now of two
cosine terms, whose amplitudes are determined by Dm.
For g2 < g1, we can show numerically that Dm is always
smaller than 0.5 and can be neglected for larger m. The
dynamics depends thus mainly on the difference, instead
of the summation, of θ±m as in the first term in (24). This
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FIG. 7: (Color Online)The time-dependent inversion of qubit
1 as a function of ω1t/2pi for different coupling strength be-
tween qubit 2 and a bose field, given by our zeroth-order ap-
proximation method. The corresponding parameters are the
same as in Figure 6.
gives the periodicity of revivals in Fig. 7, which would
persist even for the homogeneous coupling case when the
two terms in (24) are comparable. In Fig. 7(e) the inter-
ference of the two revival signal terms with almost equal
amplitude leads to the irregular oscillation of population
inversion.
IV. ENTANGLEMENT BEHAVIORS
Quantum entanglement can be used in studies of fun-
damental quantum phenomena and the on-chip entangle-
ment of solid-state qubits provides a key building block
for the solid-state realization of quantum optical net-
works. It has attracted much attention in connection
with Bell’s inequality [50, 51, 53]. However, realization of
long-distance entanglement based on solid-state systems
coupled to an optical field is an outstanding challenge.
In the homogeneous coupling case with equal strengths
to two identical qubits the entanglement properties have
recently been studied [41]. In this section we aim to de-
scribe the entanglement properties by considering differ-
ent coupling strengths to the two qubits. Thus it would
be very interesting to study more general quantum cor-
relations between two qubits. We suppose an initial en-
tanglement of the two qubits in the form of a familiar
Bell state and the oscillator in a coherent state, which is
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FIG. 8: (Color Online)Plots of the concurrence evolutions as
a function of ω1t/2pi for different coupling strength between
qubit 2 and a bose field, given by our zero-order approxi-
mation approach and numerical method. The corresponding
parameters are the same as in Figure 6.
expressed as
|Ψ(0)〉 = 1√
2
(|11〉+ |00〉) |z〉 . (26)
As a good approximations in the case of small β1 we may
expand the state |m〉 in terms of the displaced Fock space
and the most important contribution in the summation
over m are the terms with the same m, which is equiva-
lent to take |m〉 ≈ |m〉Ai [41]. Thus we can obtain
|Ψ(0)〉= 1√
2
∞∑
m=0
e−|z|
2/2zm√
m!
(|11〉|m〉A1+|00〉|m〉A4) .
(27)
The initially entangled state of two qubits evolves into
|Ψ(t)〉 which is given by
|Ψ(t)〉 =
∞∑
m=0
∑
κ=±
(
e−iE
κγ
m t |ψκγm 〉 〈ψκγm |Ψ(0)〉
)
. (28)
To quantify the entanglement of a two-qubit system,
we need to calculate the reduced density operator by trac-
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ing out the quantum field. The result is given by
ρˆQ (t) =
∑
m
〈m|Ψ(t)〉 〈Ψ(t) |m〉
=
∞∑
m=0
∑
κ=±
p (m) (1 + κ (−1)m)
4
(
qκ+1m |ee〉 〈ee|
+ qκ+2m |ee〉 〈gg|+ qκ−2m |gg〉 〈ee|+ qκ−1m |gg〉 〈gg|
(29)
where the calculation is done in the eigenbasis |e〉 and |g〉
of σx with eigenvalues±1/2 respectively. The coefficients
q’s are defined as
qκ±1m = 1∓
4ξκ+m
(
(ξκ+m )
2 − 1
)
sin2 (θκmt)((
ξκ+m
)2
+ 1
)2 ,
qκ±2m = 1−
8 (ξκ+m )
2
sin2 (θκmt)((
ξκ+m
)2
+ 1
)2 ± i2ξκ+m sin (2θκmt)(
ξκ+m
)2
+ 1
,
which are all unity at t = 0. This means that the qubits
are initially prepared in a pure state, but as time evolves,
the reduced state of the qubits becomes mixed. Obvi-
ously the reduced density matrix in the eigenspace of
the spin product operators σx1 ⊗ σx2 with the standard
two-qubit basis |ee〉 , |eg〉 , |ge〉 , |gg〉 belongs to a special
class of density matrices (X-matrices) with only diagonal
and anti-diagonal elements. It is thus more convenient
to quantify the entanglement using concurrence, which
in our case takes a very simple form [41, 51]
C (t) =
∣∣∣∣∣
∞∑
m=0
∑
κ=±
p (m) (1 + κ (−1)m)
2
qκ+2m
∣∣∣∣∣ . (30)
It is also worthwhile to mention that for homogeneous
coupling β2 = 0 we immediately have q
κ±
1m = 1 and
qκ±2m = e
±i2Ωκmt. Then the concurrence (30) reduces to
the homogeneous result as in [41]
C (t)≈
∞∑
k=0
∣∣S¯k (t, 2ω1)∣∣ = ∞∑
k=0
exp
(
−(2µ−µk)
2fβ2
1
2(1+(pikf)2)
)
(
1+(πkf)
2
)1/4 .
In Fig. 8 we plot the time evolution of the concur-
rence of two qubits, coupled to the bose field with dif-
ferent coupling strengthes. It is interesting to examine
how the entanglement changes when one of two qubits
reaches the ultrastrong coupling regime while the other
coupling parameter varies. Obviously, we observe a va-
riety of qualitative features such as entanglement birth,
death, as well as rebirth, in which revivals appear peri-
odically. Moreover, the periodicity of revivals disappears
after a period of time and the duration of death time
becomes shorter and shorter over time. We realize that
the period gets shorter and shorter and the periodicity
of revivals vanishes faster and faster with the increasing
of g2. The zero-order approximation reproduces quite
accurate evolution in short time and fails in describing
the long time behavior when the coupling strengths are
sufficiently large.
V. CONCLUSION
In conclusion, we have developed a systematic trun-
cated subspace approach for solving the TC model be-
yond RWA by using the displaced Fock basis, parity
operator subspace and truncation in the power series
[15, 22, 26]. This provides a straightforward way to access
the Hilbert space of the inhomogeneous coupling system.
In principal we are able to solve the inhomogeneously
coupled N -qubits-oscillator model to get an analytical
result to any order by constructing the 2N displacement
operators. The complexity of the solutions depends on
the determinant of the secular equation, the primitive
building blocks of which involve transition between Fock
states displaced in different directions and distances. As
an example of particular experimental interest, the two-
qubit TC model manifests a lot of new features of the
qubit-oscillator system and our main findings include:
(1) The analytical energy spectrum of the two-qubit in-
homogeneous coupling TC model are given in the zeroth-
order and first-order approximations. The zeroth-order
results already agree with the numerical solutions very
well in the ultra-strong coupling case β1 ∼ 0.2ωc, while
the first-order approximation improves the analytical
eigenenergies applicable even in the deep coupling regime
β1 ∼ ωc after half of the pseudo solutions are ruled out.
(2) The TC model consisting of two qubits is quasi-
exactly solvable, that is, a finite number of exact eigen-
values and associated eigenfunctions are given in the
closed form. Specifically, in the homogeneous coupling
case, E = ωc is always a solution corresponding to
even(odd) parity for symmetric(asymmetric) detuning
ω1 ± ω2 = 2ωc. For two completely identical qubits ho-
mogeneously coupled to the bose field, the singlet state
(|10〉 − |01〉) |m〉/√2 for any m is an exact eigenstate
with eigenvalue Em = mωc. The remaining part of the
spectrum is only numerically accessible through trunca-
tion subspace approach.
(3) Several nontrivial level crossing points in the same
parity subspace are identified by means of the fidelity be-
tween states before and after the crossing. This implies
an enlarged hidden symmetry and we show that the ho-
mogeneous coupled two-qubit TC model with ω1 = ω2 or
ω1 ± ω2 = 2ωc is integrable.
(4) The quantum dynamical of the TC model beyond
the RWA are investigated in the adiabatic approxima-
tion, with a special attention paid on the unequal cou-
pling strengths for the two qubits. The probability of the
two qubits staying in their initial states is characteristic
of four oscillating frequencies, which is distinct from that
of the single qubit system and the homogeneous coupling
system. The approximated results of population inver-
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sion are surprisingly accurate in describing the dynamics
of the qubit, which shows that the collapse-revival phe-
nomena emerge, survive, and are finally destroyed when
the coupling strength increases beyond the deep coupling
regime. This provides a method to control the revival
signal of one qubit by means of the involvement of an-
other one, which imprints its influences in the system by
interacting with the optical field.
(5) The entanglement evolution of the two qubits as
a principal measure of intrinsically quantum coherence
is examined with an initial inter-qubit entanglement in
the form of a familiar Bell state and the oscillator in a
coherent state. Analytical results are obtained for the
concurrence in the inhomogeneous coupling case by trac-
ing out the quantum field in the reduced density matrix.
Our approximation approach is applicable to systems
of arbitrary two qubits satisfying (|g1|+ |g2|) ≤ 0.2ωc
and ωc ≫ ωj . The time evolution of the two qubits repro-
duces perfectly the special case with two completely iden-
tical qubits homogeneously coupled to a common oscilla-
tor mode, i.e. g1 = g2 and ω1 = ω2 as in Ref. [41]. Inter-
estingly, there are still further work to do in the multiple
qubits and oscillator system in the ultrastrong regime,
e.g. the GHZ state entanglement evolution, quantum en-
tanglement between the polarization of a single optical
photon and solid-state qubits, the decoherence behavior
analysis in an external environment, etc.
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